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Abstract. Symmetry properties of conservation laws of partial differential equations are
developed by using the general method of conservation law multipliers. As main results,
simple conditions are given for characterizing when a conservation law and its associated
conserved quantity are invariant (and, more generally, homogeneous) under the action of a
symmetry. These results are used to show that a recent conservation law formula (due to
Ibragimov) is equivalent to a standard formula for the action of an infinitesimal symmetry
on a conservation law multiplier.
1. Introduction
For systems of partial differential equations (PDEs) that possesses a Lagrangian formu-
lation, it is well-known that conservation laws arise from variational symmetries through
Noether’s theorem [1, 2, 3]. Interestingly, variational symmetries have an equivalent char-
acterization as multipliers [1, 3, 4], which comes from expressing the symmetry generator
in an evolutionary form acting only on the dependent variable(s) in the given PDE system.
This characterization has the important advantage that it is able to provide an alternative
method to Noether’s theorem to find all conservation laws, without using a Lagrangian. The
method uses a linear system of determining equations whose solutions yield all multipliers
and hence all variational symmetries. This determining system can be solved by the same
standard procedure used to solve the determining equations for symmetries. For each mul-
tiplier, a corresponding conservation law can then be obtained by various direct integration
methods [3, 4, 5], hence by-passing the need to use the Lagrangian (as well as the need to
consider “gauge terms” in the definition of variational symmetries).
Most significantly, this direct method using multipliers has a straightforward extension
[6, 7, 8, 9] to any PDE system of normal type regardless of whether a Lagrangian exists
for the system. In general the determining system for multipliers consists of the adjoint
of the symmetry determining equations plus additional equations analogous to Helmholtz
conditions. The standard procedure for solving the symmetry determining equations [1, 2, 3]
can be used similarly for solving the multiplier determining equations. This reduces the
problem of finding all conservation laws to a kind of adjoint of the problem of finding all
symmetries. As an important consequence, all conservation laws admitted by a normal PDE
system can be found in a straightforward computational way, without any need for special
ansatzes or restrictions, analogously to how all admitted symmetries can be found.
For any given PDE system, there is a well-known natural action of its symmetries on all
of its conservation laws [1, 10, 11]. This action allows conservation laws to be divided into
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symmetry equivalence classes, which can be used to define a generating subset (or a basis)
[12] for the set of all conservation laws of the PDE system.
The present paper will explore a further connection between symmetries and conservation
laws by focusing on conservation laws that are invariant (or, more generally, homogeneous)
under the action of a given set of symmetries. Some applications of symmetry-invariant
conservation laws will also be discussed. For simplicity, PDE systems consisting of a single
equation for one dependent variable u and two independent variables t, x will be considered.
All of the results have a direct generalization [13, 9] to normal PDE systems with more
variables and more equations.
In Sec. 2, the multiplier method for finding the conservation laws of a given PDE is
reviewed, along with the action of symmetries on conservation laws. In Sec. 3, a general
formula [17, 6] that generates conservation laws from symmetries and adjoint-symmetries is
connected to the infinitesimal action of a symmetry on a conservation law. One new result
here will be to show that this formula is equivalent to a recent conservation law formula of
Ibragimov [14, 15, 16].
In Sec. 4, the notion of symmetry invariance of a conservation law will be defined and
studied. This main result will yield a direct condition for invariance (and homogeneity)
formulated in terms of multipliers. In Sec. 5, some applications to finding symmetry-invariant
conservation laws and finding symmetry-invariant solutions of PDEs will be outlined.
2. Multipliers, conservation laws, and symmetries
Consider an Nth-order PDE
G(t, x, u, ∂u, . . . , ∂Nu) = 0 (2.1)
with dependent variable u, and independent variables t, x, where ∂lu denotes all lth order
partial derivatives of u with respect to t and x. The PDE (2.1) is normal if it can be
expressed in a solved form for some leading derivative of u such that all other terms in the
equation contain neither the leading derivative nor its differential consequences. All typical
PDEs arising in physical applications are normal, e.g. diffusion equations and dispersive
wave equations, which have ut as a leading derivative; non-dispersive wave equations and
hyperbolic equations, which have utt or utx as a leading derivative; peakon equations and
wave-breaking equations, which have utxx as a leading derivative.
A conservation law [1, 3] of a given PDE (2.1) is a total space-time divergence expression
that vanishes on the solution space E of the PDE,
(DtT (t, x, u, ∂u, . . . , ∂
ru) +DxX(t, x, u, ∂u, . . . , ∂
ru))|E = 0. (2.2)
The physical meaning of a conservation law is that the function T is a conserved density
while the function X is a spatial flux. The pair
(T,X) = Φ (2.3)
is called a conserved current. Throughout, D = (Dt, Dx) denotes a total derivative:
Dt = ∂t + ut∂u + utx∂ux + utt∂ut + · · · ,
Dx = ∂x + ux∂u + uxx∂ux + utx∂ut + · · · .
(2.4)
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Every conservation law (2.2) can be integrated over any given spatial domain Ω ⊆ R
d
dt
∫
Ω
Tdx = −X
∣∣∣
∂Ω
(2.5)
showing that the rate of change of the quantity
C[u] =
∫
Ω
Tdx (2.6)
is balanced by the net flux through the domain endpoints ∂Ω. Two conservation laws are
physically equivalent if they give the same conserved quantity up to endpoint terms. This
happens iff their conserved densities differ by a total space derivativeDxΘ(t, x, u, ∂u, . . . , ∂
ru)
on the solution space E , and correspondingly, their fluxes differ by a total time derivative
−DtΘ(t, x, u, ∂u, . . . , ∂
ru). A conservation law is called locally trivial if
T |E = DxΘ, X|E = −DtΘ (2.7)
so any two equivalent conservation laws differ by a locally trivial conservation law. For a
given PDE (2.1), the set of all non-trivial conservation laws (up to equivalence) forms a
vector space.
An infinitesimal symmetry [1, 2, 3] of a given PDE (2.1) is a generator
X = τ(t, x, u, ∂u, . . . , ∂ru)∂t + ξ(t, x, u, ∂u, . . . , ∂
ru)∂x + η(t, x, u, ∂u, . . . , ∂
ru)∂u (2.8)
whose prolongation prX leaves invariant the PDE,
prX(G)|E = 0. (2.9)
When acting on the PDE solution space E , any infinitesimal symmetry (2.8) is equivalent to
a generator with the characteristic form
Xˆ = P∂u, P = η − τut − ξux (2.10)
where the characteristic functions η, τ , ξ are determined by
0 = prXˆ(G)|E = G
′(P )|E . (2.11)
Here a prime denotes the Frechet derivative with respect to u:
f ′(g) = fug + futDtg + fuxDxg + futtDt
2g + futxDtDxg + fuxxDx
2g + · · · (2.12)
for any differential functions f(t, x, u, ∂u, ∂2u, . . .) and g(t, x, u, ∂u, ∂2u, . . .). Note that the
determining equations (2.9) and (2.11) are equivalent due to the identity prXˆ = prX−τDt−
ξDx.
An infinitesimal symmetry of a given PDE (2.1) is trivial if its action on the solution
space E of the PDE is trivial, Xˆu = 0 for all solutions u(t, x). This occurs iff P |E = 0. The
corresponding generator (2.8) of a trivial symmetry is thus given by X|E = τ∂t+ξ∂x+(τut+
ξux)∂u, which has the prolongation prX|E = τDt + ξDx. Conversely, any generator of this
form on the solution space E determines a trivial symmetry.
Since the infinitesimal symmetries of a PDE preserve its solution space, there consequently
is a natural action by any symmetry on the set of all conservation laws of the PDE. The
following result, or equivalent versions of it, are well known [1, 10, 11].
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Proposition 1. The action of an infinitesimal symmetry (2.8) on a conserved current (2.3)
is given by ΦX = prX(Φ) + ΦD · (τ, ξ)− Φ ·D(τ, ξ). In explicit form,
TX = prX(T ) + TDxξ −XDxτ, XX = prX(X) +XDtτ − TDtξ. (2.13)
When the symmetry is expressed in the characteristic form (2.10), its action is simply given
by Φ
Xˆ
= prXˆΦ, which has the explicit form
T
Xˆ
= prXˆ(T ) = T ′(P ), X
Xˆ
= prXˆ(X) = X ′(P ). (2.14)
The conserved currents ΦX and ΦXˆ are equivalent, due to the relation prX− prXˆ = τDt +
ξDx.
An important observation is that the symmetry action on a given conserved current can
produce a locally trivial conserved current (2.7).
To determine when a conserved current is locally trivial, and to formulate determining
equations for conserved currents, it is useful to have a characteristic (canonical) form for
conservation laws. The following results [1, 3, 9] will be needed.
Lemma 1. If a differential function f(t, x, u, ∂u, ∂2u, . . .) vanishes on the solution space E of
a given PDE (2.1), then f = Rf (G) holds identically, where Rf = R
(0)
f +R
(1)
f ·D+R
(2)
f ·D
2+· · ·
is a linear differential operator, depending on f , with coefficients R
(i)
f (t, x, u, ∂u, ∂
2u, . . .) that
are non-singular on E whenever the PDE is normal.
Lemma 2. A differential function f(t, x, u, ∂u, ∂2u, . . .) is a total space-time divergence f =
DtA+DxB for some functions A(t, x, u, ∂u, ∂
2u, . . .) and B(t, x, u, ∂u, ∂2u, . . .) iff Eu(f) = 0
holds identically, where Eu = ∂u −Dt∂ut −Dx∂ux +Dt
2∂utt +Dx
2∂uxx + DtDx∂utx + · · · is
the Euler-Lagrange operator.
From Lemma 1, a conservation law (DtT +DxX)|E = 0 for a normal PDE G = 0 can be
expressed as a divergence identity
DtT +DxX = RΦ(G) (2.15)
where u(t, x) is an arbitrary (sufficiently differentiable) function. In this identity, integration
by parts on the terms RΦ(G) = R
(0)
Φ G+R
(1)t
Φ DtG+R
(1)x
Φ DxG+R
(2)tt
Φ Dt
2G+R
(2)tx
Φ DtDxG+
R
(2)xx
Φ Dx
2G+ · · · yields
DtT˜ +DxX˜ = QG (2.16)
with
T˜ = T −R
(1)t
Φ G− R
(2)tt
Φ DtG+ (DtR
(2)tt
Φ )G− R
(2)tx
Φ DxG+ · · · ,
X˜ = X − R
(1)x
Φ G−R
(2)xx
Φ DxG+ (DxR
(2)xx
Φ )G+ (DtR
(2)tx
Φ )G+ · · · ,
(2.17)
and
Q = R
(0)
Φ −DtR
(1)t
Φ −DxR
(1)x
Φ +Dt
2R
(2)tt
Φ +DtDxR
(2)tx
Φ +Dx
2R
(2)xx
Φ + · · · . (2.18)
On the PDE solution space E , note that T˜ |E = T and X˜|E = X reduce to the conserved
density and the flux in the conservation law (DtT+DxX)|E = 0, and hence (DtT˜+DxX˜)|E =
0 is an equivalent conservation law. The identity (2.16) is called the characteristic equation
for the conservation law, and the function (2.18) is called the multiplier.
A conserved density T and a flux X will determine a unique multiplier if the leading
derivative of u and all of its differential consequences are first eliminated from T and X
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through the PDE G = 0. However, the form of the multiplier expression (2.18) shows that
it can possibly depend on the leading derivative of u as well as differential consequences of
this derivative. In general a function Q(t, x, u, ∂u, ∂2u, . . . , ∂ru) will be a multiplier iff its
product with the PDE G = 0 has the form of a total space-time divergence.
From the characteristic equation (2.16), it is straightforward to see that the multiplier
(2.18) for any locally trivial conservation law (2.7) vanishes on the PDE solution space,
Q|E = 0. Conversely, for any multiplier of the form Q|E = 0, it can be shown [9] that the
characteristic equation (2.16) implies the conserved density and the flux are locally trivial
(2.7). This leads to the following basic result.
Theorem 1. For a normal PDE (2.1), there is a one-to-one correspondence between con-
servation laws (up to equivalence) and multipliers evaluated on the solution space of the
system.
From this result, the differential order of a conservation law is defined to be the smallest
differential order among all equivalent conserved currents. A conservation law for a normal
PDE (2.1) is said to be of low order if all derivative variables ∂ku that appear in its multiplier
are related to some leading derivative of u by differentiation with respect to t, x. (Note that,
therefore, the differential order r of the multiplier must be strictly less than the differential
order N of the PDE.) This definition is motivated by the observation [13, 9] that physically
important conservation laws, such as energy and momentum, are always of low order, whereas
higher order conservation laws are typically connected with integrability.
For any normal PDE (2.1), all conservation law multipliers can be determined from
Lemma 2 applied to the characteristic equation (2.16). This yields
0 = Eu(QG) = G
′∗(Q) +Q′∗(G) (2.19)
which holds identically. Here a star denotes the adjoint of the Frechet derivative with respect
to u:
f ′∗(g) = fug −Dt(futg)−Dx(fuxg) +Dt
2(futtg) +DtDx(futxg) +Dx
2(fuxxg) + · · · (2.20)
for any differential functions f(t, x, u, ∂u, ∂2u, . . .) and g(t, x, u, ∂u, ∂2u, . . .). On the solution
space E of the PDE (2.1), the determining equation (2.19) implies
G′∗(Q)|E = 0. (2.21)
From Lemma 1, it follows that Q satisfies the identity
G′∗(Q) = RQ(G). (2.22)
Then the determining equation (2.19) becomes
0 = RQ(G) +Q
′∗(G) (2.23)
where u(t, x) is an arbitrary (sufficiently differentiable) function. Since the PDE G = 0 is
assumed to have a solved form in terms of a leading derivative of u, the equation (2.23) can
be split with respect to this derivative of u and its differential consequences, yielding a linear
system of equations
(RQ +Q
′∗)(i) = 0, i = 0, 1, . . . (2.24)
obtained from the coefficients in the linear differential operator RQ +Q
′∗.
Consequently, the determining equation (2.19) for multipliers is equivalent to the linear
system of equations (2.24) and (2.21). In this system, the first equation (2.21) is the adjoint of
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the symmetry determining equation (2.11), and its solutions Q(t, x, u, ∂u, ∂2u, . . .) are called
adjoint-symmetries [6, 7, 8]. The remaining equations (2.24) comprise Helmholtz conditions
[1] which are necessary and sufficient for Q to have the form (2.18) where Φ = (T,X) is a
conserved current. Note that these conditions are equivalent to
(R∗Q +Q
′)(i) = 0, i = 0, 1, . . . (2.25)
which comes from expressing the equations (2.24) in the operator form RQ + Q
′∗ = 0 and
taking its adjoint.
This formulation of a determining system for multipliers has a simple adjoint relationship
to Noether’s theorem, as will now be outlined. First, recall the condition for a PDE (2.1) to
be an Euler-Lagrange equation [1, 17, 2, 3].
Proposition 2. A PDE G = 0 is an Euler-Lagrange equation G = Eu(L) for some La-
grangian L(t, x, u, ∂u, ∂2u, . . .) iff G′ = G′∗.
The following result is now straightforward to establish (see Refs.[6, 7, 8]).
Theorem 2. For any normal PDE (2.1), conservation law multipliers are adjoint-
symmetries (2.21) that satisfy Helmholtz conditions (2.24). In the case when the PDE is an
Euler-Lagrange equation, adjoint-symmetries are the same as symmetries, and the Helmholtz
conditions are equivalent to symmetry invariance of the Lagrangian modulo a total space-time
divergence, whereby multipliers for a Lagrangian PDE are the same as variational symme-
tries.
It is important to note that the determining system for multipliers can be solved computa-
tionally by the same standard procedure [1, 2, 3] used to solve the determining equation for
symmetries. In particular, the multiplier determining system is more overdetermined than
is the symmetry determining equation, and hence the computation of multipliers is easier
than the computation of symmetries.
In applications of Theorem 2, the use of a Lagrangian to obtain the conserved current
from a variational symmetry is replaced by either a homotopy integral formula [1, 7, 8],
or direct integration of the characteristic equation [18, 3], both of which are applicable for
any normal PDE. If a given PDE possesses a scaling symmetry then any conserved current
having non-zero scaling weight can be obtained from an algebraic formula [5] in terms of a
multiplier (see also Refs.[19, 20]). Recently [9], this formula has been generalized to PDEs
without a scaling symmetry, by using scaling transformations that arise from dimensional
analysis.
3. A conservation law formula using symmetries and adjoint-symmetries
There is a general formula that relates symmetries and conserved currents in an interesting
way. Consider the Frechet derivative identity [1, 17, 6, 7, 8, 3]
hf ′(g)− gf ′∗(h) = D ·Ψf(g, h) (3.1)
Ψf(g, h) =hf∂ug + hf∂2u ·Dg − (D · (hf∂2u))g + hf∂3u ·D
2g
− (D · (hf∂3u))Dg + (D
2 · (hf∂3u))g + · · ·
(3.2)
where f(t, x, u, ∂u, ∂2u, . . .), g(t, x, u, ∂u, ∂2u, . . .) and h(t, x, u, ∂u, ∂2u, . . .) are arbitrary dif-
ferential functions. The explicit form of the components of Ψf = (Ψ
t
f ,Ψ
x
f) is easily obtained
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from the Frechet derivative formula (2.12) and its adjoint (2.20), which gives
Ψtf(g, h) =g(hfut −Dt(hfutt)−Dx(hfutx) + · · · )
+Dtg(hfutt −Dt(hfuttt)−Dx(hfuttx) + · · · )
+Dt
2g(hfuttt −Dt(hfutttt)−Dx(hfutttx) + · · · ) + · · ·
(3.3)
modulo a trivial term DxΘ, and
Ψxf(g, h) =g(hfux −Dx(hfuxx) +Dx
2(hfuxxx) + · · · )
+Dtg(hfutx −Dx(hfutxx) +Dx
2(hfutxxx) + · · · )
+Dxg(hfuxx −Dx(hfuxxx) +Dx
2(hfuxxxx) + · · · ) + · · ·
(3.4)
modulo a trivial term −DtΘ.
As first shown in Refs.[17, 6], the identity (3.1) yields a conserved current by putting
f = G, g = P , h = Q, where P is the characteristic of an infinitesimal symmetry (2.10) and
Q is an adjoint-symmetry, which satisfy G′(P )|E = 0 and G
′∗(Q)|E = 0. Thus
DtΨ
t
G(P,Q) +DxΨ
x
G(P,Q) = QG
′(P )− PG′∗(Q) (3.5)
vanishes on the solution space E of the given PDE G = 0. The resulting conserved current
ΨG(P,Q) turns out to be directly related to the current Φ = (T˜ , X˜) given by the character-
istic equation DtT˜ +DxX˜ = QG when Q is a multiplier of a conservation law (2.16).
Proposition 3. For a normal PDE (2.1), a conserved current is given by
Φ = (ΨtG(P,Q),Ψ
x
G(P,Q)) (3.6)
in terms of any given infinitesimal symmetry (2.10) and any given conservation law multiplier
(2.16). The corresponding conservation law
(DtΨ
t
G(P,Q) +DxΨ
x
G(P,Q))|E = 0 (3.7)
is equivalent to the conservation law
(DtT
′(P ) +DxX
′(P ))|E = 0 (3.8)
obtained from the action of the symmetry Xˆ = P∂u on the given conservation law whose
multiplier is given by Q. In particular, the multipliers of these two conservation laws (3.7)
and (3.8) are the same, QΨG(P,Q) = QXˆ = R
∗
P (Q)− R
∗
Q(P ).
This result has a straightforward proof by comparing the multipliers for the two conser-
vation laws. (See Ref.[17] for the variational case.) It will be useful first to express the
symmetry determining equation (2.11) as an identity
prXˆ(G) = G′(P ) = RP (G) (3.9)
through Lemma 1. Now, consider the conservation law (DtΨ
t
G(P,Q) + DxΨ
x
G(P,Q))|E =
0. Its multiplier can be obtained from the identity (3.7) combined with the determining
equations (3.9) and (2.22) for symmetries and adjoint-symmetries. This gives
DtΨ
t
G(P,Q) +DxΨ
x
G(P,Q) = QRP (G)− PRQ(G)
= (R∗P (Q)−R
∗
Q(P ))G+ trivial current
(3.10)
after an integration by parts. Hence the multiplier is given by
QΨG(P,Q) = R
∗
P (Q)−R
∗
Q(P ). (3.11)
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Next, consider the conservation law given by the characteristic equation DtT +DxX = QG.
From Proposition 1, the action of the symmetry Xˆ = P∂u on this conservation law, combined
with the symmetry determining equation (3.9), yields
prXˆ(DtT +DxX) = DtT
′(P ) +DxX
′(P )
= prXˆ(QG) = Q′(P )G+QG′(P ) = Q′(P )G+QRP (G)
= (Q′(P ) +R∗P (Q))G+ trivial current
(3.12)
after an integration by parts. Use of the Helmholtz equations (2.25) satisfied by multipliers
gives the relation Q′(P ) +R∗Q(P ) = 0, so thus equation (3.12) becomes
prXˆ(DtT +DxX) = DtT
′(P ) +DxX
′(P )
= (R∗P (Q)− R
∗
Q(P ))G+ trivial current .
(3.13)
Hence the multiplier for the conservation law (DtT
′(P ) +DxX
′(P ))|E = 0 is given by
Q
Xˆ
= R∗P (Q)− R
∗
Q(P ) (3.14)
which is the same as the multiplier QΨG(P,Q). This completes the proof.
The explicit form of the conserved current (3.6), modulo locally trivial terms, is given by
ΨtG(P,Q) =P (QGut −Dt(QGutt)−Dx(QGutx) + · · · )
+DtP (QGutt −Dt(QGuttt)−Dx(QGuttx) + · · · )
+Dt
2P (QGuttt −Dt(QGutttt)−Dx(QGutttx) + · · · ) + · · · ,
(3.15)
ΨxG(P,Q) =P (QGux −Dx(QGuxx) +Dx
2(QGuxxx) + · · · )
+DtP (QGutx −Dx(QGutxx) +Dx
2(QGutxxx) + · · · )
+DxP (QGuxx −Dx(QGuxxx) +Dx
2(QGuxxxx) + · · · ) + · · · .
(3.16)
These expressions first appeared in Refs.[17, 6] and are equivalent to a conservation law
formula appearing later in work of Ibragimov [14, 15, 16], as will now be shown.
The starting point is the standard observation [1] that any PDE G = 0 can be embedded
into an Euler-Lagrange system by the introduction of an auxiliary dependent variable v,
with the Lagrangian defined by L = vG. Then Ev(L) = G = 0 and Eu(L) = G
′∗(v) = 0 are
the Euler-Lagrange equations. Note that G′∗(v) = 0 is simply a special case of the adjoint-
symmetry equation (2.21) with v = Q(t, x) (where the adjoint-symmetry Q is restricted to
have no dependence on u and its derivatives). The Noether identity for this Lagrangian is
given by prXˆ(L) = P uG′∗(v)+P vG+D ·ΨG(P
u, v) where Xˆ = P u∂u+P
v∂v is an arbitrary
generator. Now consider any infinitesimal symmetry Xˆ = P∂u admitted by the PDE G = 0.
From the symmetry identity (3.9), it follows that prXˆ(L) = vRP (G) = GR
∗
P (v) +D · Φtriv.
after an integration by parts, where Φtriv.|E = 0 is a locally trivial current. If the symmetry
is extended to act on v by Xˆext. = P∂u−R
∗
P (v)∂v, then prXˆ
ext.(L) = D ·Φtriv. shows that this
symmetry is variational. Hence, Noether’s theorem can be applied to obtain a conservation
law D ·ΦXext. = 0 on the solution space of the Euler-Lagrange equations G = 0, G
′∗(v) = 0.
The conserved current ΦXext. is obtained from the Noether identity prXˆ
ext.(L) = D ·Φtriv. =
PG′∗(v)−R∗P (v)G+D ·ΨG(P, v), which yields D ·(Φtriv.−ΨG(P, v)) = PG
′∗(v)−R∗P (v)G. As
a result, ΦXext. = ΨG(P, v)− Φtriv. is conserved on the solution space of the Euler-Lagrange
equations G = 0, G′∗(v) = 0, and therefore it defines a conserved current of the PDE G = 0.
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All the steps in this derivation will go through if v is allowed to be any adjoint-symmetry
Q(t, x, u, ∂u, . . . , ∂ru) admitted by the PDE G = 0, in which case the conserved current
defined by ΦXext.(P,Q) = ΦXext. |v=Q is equivalent to ΨG(P,Q). This conserved current
ΦXext.(P,Q) is precisely the formula in Ibragimov’s work.
The importance of Proposition 3 is that it explains how Ibragimov’s formula is simply
a re-writing of the standard action of a symmetry on a given conservation law but where
the symmetry action is expressed in terms of the multiplier underlying the conservation law
rather than more transparently in terms of the conserved current components of the conser-
vation law. Moreover, the “nonlinearly self-adjoint” condition G′∗(v) = 0 used by Ibragimov
is a re-statement of the requirement that a given PDE admits an adjoint-symmetry, which
is a necessary condition for a PDE to admit a conservation law. Consequently, every PDE
that admits at least one conservation law is automatically “nonlinearly self-adjoint”.
As one application, it is simple to explain a number of observations that have arisen from
the recent use of the formula (3.15)–(3.16) and its equivalent version in Refs.[14, 15, 16].
Proposition 4. (i) For a given normal PDE (2.1), let Q be the multiplier for a conservation
law in which the components of the conserved current (T,X) have no explicit dependence on
t, x. Then, using any translation symmetry X = a∂t + b∂x, with characteristic P = −(aut +
bux) where a, b are constants, the conserved current ΨG(P,Q) is locally trivial. (ii) For a
given normal PDE (2.1) that possesses a scaling symmetry X = at∂t + bx∂x + cu∂u, where
a, b, c are constants, let Q be the multiplier for a conservation law in which the components
of the conserved current (T,X) are scaling homogeneous. Then, using the characteristic
P = cu−(atut+bxux) of the scaling symmetry, the conserved current ΨG(P,Q) is equivalent
to a multiple w of the conserved current Φ determined by Q. This multiple w is the scaling
weight of the conserved integral
∫
Ω
Tdx [5].
The proof uses the equivalent formula provided by Proposition 3. Let (T,X) be a conserved
current determined by a multiplier Q. For any translation symmetry X = a∂t + b∂x, it
is easy to see that ΨG(P,Q) = (−T
′(aut + bux),−X
′(aut + bux)) holds modulo a locally
trivial current. The Frechet derivative formula (2.12) gives the relation f ′(aut + bux) =
aDtf+bDxf−aft−bfx where f is any differential function. Since both T,X are assumed to
have no dependence on t, x, it follows that T ′(aut+bux)|E = (aDtT+bDxT )|E = Dx(bT−aX),
and similarly X ′(aut + bux)|E = (aDtX + bDxX)|E = −Dt(bT − aX). This shows that
ΨG(P,Q) is a locally trivial current. Next, for a scaling symmetry X = at∂t + bx∂x + cu∂u,
it is straightforward to see that ΨG(P,Q) = (T
′(cu− (atut+ bxux)), X
′(cu− (atut + bxux)))
holds modulo a locally trivial current. If both T,X are scaling homogeneous then it follows
that T ′(cu−(atut+bxux)) = pT−atDtT−bxDxT and X
′(cu−(atut+bxux)) = qX−atDtX−
bxDxX , where p, q are the respective scaling weights of T,X , which satisfy the scaling relation
p−b = q−a. This yields (pT −atDtT −bxDxT )|E = (p−b)T +Dx((at+bx)X) and similarly
(qX − atDtX − bxDxX)|E = (p − b)X −Dt((at + bx)X). Hence ΨG(P,Q) is equivalent to
(wT,wX), with w = p− b being the scaling weight of
∫
Ω
Tdx. This completes the proof.
4. Main results
From Propositions 1 and 3, together with the identity prXˆ = prX − τDt − ξDx for any
symmetry generator (2.8), the following main result is immediate.
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Theorem 3. For a given normal PDE (2.1), let Φ = (T,X) be a conserved current and Q
be its multiplier. Then, for any infinitesimal symmetry (2.8) admitted by the PDE, Φ
Xˆ
=
prXˆ(Φ) is also a conserved current and Q
Xˆ
= R∗P (Q)− R
∗
Q(P ) is its multiplier. In explicit
form,
T
Xˆ
= T ′(P ) = prX(T ) + TDxξ −XDxτ +DxΘ− (DtT +DxX)τ,
X
Xˆ
= X ′(P ) = prX(X) +XDtτ − TDtξ −DtΘ− (DtT +DxX)ξ,
(4.1)
on the PDE solution space E , whereby the conserved current Φ
Xˆ
= (T ′(P ), X ′(P )) is equiv-
alent to the conserved current ΦX = (prX(T ) + TDxξ − XDxτ, prX(X) +XDtτ − TDtξ).
These currents are locally trivial iff Q
Xˆ
= R∗P (Q)− R
∗
Q(P ) = 0 vanishes identically.
The action of an infinitesimal symmetry on a multiplier, as well as the condition for this
symmetry action to yield a locally trivial conserved current, are new results.
In Ref.[10], the notion of associating a conserved current to a symmetry is introduced
by considering the condition that a conserved current is invariant under the action of an
infinitesimal symmetry,
ΦX = (prX(T ) + TDxξ −XDxτ, prX(X) +XDtτ − TDtξ) = 0. (4.2)
A more appropriate notion of invariance is that a conserved current is equivalent to a
locally trivial current under the action of an infinitesimal symmetry,
ΦX|E = (prX(T ) + TDxξ −XDxτ, prX(X) +XDtτ − TDtξ)|E = (DxΘ,−DtΘ). (4.3)
This corresponds to invariance of the conservation law (DtT + DxX)|E = 0, which can be
formulated in a simple way in terms of its multiplier Q, giving Q
Xˆ
= R∗P (Q) − R
∗
Q(P ) = 0
as shown by combining Theorems 3 and 1.
Symmetry invariance of a conservation law has a natural extension by allowing a conserved
current to be equivalent to a multiple of itself under the action of an infinitesimal symmetry,
(ΦX−λΦ)|E = (prX(T )+TDxξ−XDxτ−λT, prX(X)+XDtτ−TDtξ−λX)|E+(DxΘ,−DtΘ)
(4.4)
where λ is a non-zero constant. This leads to the following results, from Theorems 3 and 1.
Theorem 4. A conservation law (2.2) is homogeneous (4.4) under the action of an infini-
tesimal symmetry (2.8) iff its multiplier (2.18) satisfies the condition
R∗P (Q)− R
∗
Q(P ) = λQ (4.5)
for some constant λ. The conservation law is symmetry invariant (4.3) iff λ = 0. If a PDE
is an Euler-Lagrange equation G = Eu(L) for some Lagrangian L, then every conservation
law is invariant under the variational symmetry corresponding to its multiplier.
Corollary 1. (i) Under the action of an infinitesimal symmetry (2.8), a conserved quantity
(2.6) on a spatial domain Ω ⊆ R is unchanged modulo an arbitrary endpoint term, XˆC[u] =
Θ|∂Ω, iff the corresponding conservation law (2.2) is symmetry invariant. (ii) A conserved
quantity (2.6) is mapped into itself (modulo an arbitrary endpoint term) under a symmetry iff
the corresponding conservation law (2.2) is symmetry homogeneous. In particular, under the
action of a symmetry transformation exp(ǫXˆ) with parameter ǫ, a symmetry-homogeneous
conserved quantity C[u] is mapped into exp(ǫλ)C(u) whenever all endpoint terms vanish.
Examples of these results are presented in Ref.[13] for several nonlinear PDEs arising in a
variety of physical applications.
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5. Concluding remarks
Conservation laws that are symmetry invariant or symmetry homogeneous have at least
three important applications. Firstly, each symmetry-homogeneous conservation law (up
to equivalence) represents a one-dimensional invariant subspace in the set of all non-trivial
conservation laws (modulo locally trivial conservation laws). This is a useful feature when a
generating subset (or basis) is being sought. Secondly, any symmetry-invariant conservation
law will reduce to a first integral for the ODE obtained by symmetry reduction of the given
PDE when symmetry-invariant solutions u(t, x) are sought. This provides a direct reduction
of order of the ODE. Thirdly, the determining equations for multipliers can be augmented
by the symmetry-homogeneity condition, which allows symmetry-homogeneous conservation
laws to be obtained in a direct way by solving the augmented determining system.
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